The γ decay associated with the warm rotation of the superdeformed nuclei 151 Tb and 196 Pb has been measured with the Euroball IV array. Several experimental quantities are presented, putting strong constraints on the decay dynamics in the superdeformed well. The data are successfully reproduced using a Monte Carlo simulation of the γ decay based on microscopically calculated energy levels, E2 decay probabilities, collective mass parameters, and potential energy barriers between the wells associated with normal and super deformation. This allows one to test the basic ingredients of the physical process, such as the strength of the two-body residual interaction and the potential barriers as a function of spin and excitation energy. We also show that the data probe the E1 strength function, indicating an enhancement around 1-2 MeV γ rays, which might be related to octupole vibrations.
I. INTRODUCTION
The existence of superdeformed (SD) rotational bands, extending over a long series of quadrupole transitions and finally decaying toward spherical or low deformation states, represents a striking manifestation of shape coexistence in nuclei. In many cases, several discrete SD bands have been discovered in the same nucleus [1] , and the study of quasicontinuum (QC) spectra has demonstrated that rotational correlations associated with large deformation persist also when the nucleus is warm, i.e., at higher values of U [2, 3] , the excitation energy above the yrast band. This is similar to what has been observed in normal deformed (ND) systems [4] [5] [6] [7] .
In both SD and ND nuclei, as U increases, the two-body residual interaction starts to mix the single-particle levels on which the rotational bands are based, resulting in the compound nucleus states. This produces a gradual transition between order and chaos, which has been systematically studied in the past within the interacting cranked shell model of Refs. [8] [9] [10] [11] . The character of quadrupole transitions is also affected by the residual interaction, leading to the phenomenon of rotational damping [12] , by which the E2 transitions between mixed states acquire a width affecting the experimental QC spectra [4, 5] .
The study of the warm rotation, carried out in great detail in ND nuclei [4, 7, [13] [14] [15] [16] [17] [18] , is particularly challenging, both experimentally and theoretically, in very elongated systems. Experimentally, high selectivity and high statistics are in fact needed, in order to focus on the small fraction of the γ decay (≈few %) which is finally trapped into the SD well. Although this investigation is very complex, the topic is particularly appealing because it gives insight into not only the effects beyond the mean field, but also the important physical mechanisms underlying quantum tunneling at the onset of the chaotic region. This is relevant also in connection with the search for hyperdeformed shapes [19] .
Theoretically, the study of the warm rotation requires a deep understanding of nuclear structure properties beyond mean field and a detailed description of the γ -decay flow, from the chaotic compound nucleus at high angular momentum to the cold, ordered region close to the yrast line [13] . This is based on the competition between statistical dipole (E1) and collective quadrupole (E2) transitions, which depends on the level densities and on the E1 and E2 strength functions over a wide range of energies. In addition, in the case of SD nuclei, one has to consider the coupling between excited SD and ND configurations, which is usually described as a tunneling process through the potential barriers separating the two wells [20, 21] . For these reasons, the γ decay in the SD regime is poorly known: up to now only partial experimental information is available for a few SD nuclei [2, 3, [22] [23] [24] , and the interpretation of the data is based on rather schematic models [2, 22, 24] or depends on several parameters [3, 23] .
In this work, we present a detailed study of the population and decay of the warm SD nuclei 151 Tb and 196 Pb, representative of the mass regions A = 150 and A = 190, in which discrete SD bands are known to have remarkably different properties. We shall see that these differences extend also to the case of quasi-continuum spectra and that they can be well accounted for within the same phenomenological model. As reported in Ref. [25] , we have been able for the first time to obtain a series of independent observables that provide strong experimental constraints on the decay dynamics of excited SD nuclei, populated by neutron evaporation following fusion reactions. These observables are the intensities and fluctuations in the number of counts, measured as a function of spin, associated with different structures observed in QC γ -coincidence spectra, with appropriate gating conditions. A key point of the analysis is the comparison of the experimental results with a newly developed Monte Carlo simulation of the decay flow, which is based on the microscopic cranked shell model of Refs. [10, 11] and on the microscopic barriers of Ref. [26] . This has several advantages: (i) the number of free parameters is limited, (ii) the inclusion of individual quantal states allows one to compare the fluctuations of simulated spectra with experiment, and (iii) detailed nuclear structure effects can be considered.
We anticipate that such a detailed study of the γ -decay flow in the quasi-continuum provides a tool for probing the E1 strength below particle emission, in particular the low energy tail down to ≈1-2 MeV. This is a topic of general interest in nuclear physics, also in connection with reaction studies and astrophysics, which is presently being widely investigated also in exotic nuclei [27] [28] [29] [30] . Furthermore, the study of warm rotation provides specific information on the strength of the two-body residual interaction and on the potential barriers as a function of spin and excitation energy.
In this first part of the paper, we discuss in detail the experiments (Sec. II) and the analysis of quasi-continuum spectra (Sec. III). In Sec. IV we give the interpretation of the experimental results based on the Monte Carlo simulation of γ decay in the SD well, while the sensitivity to specific aspects of the physical process, such as the strength of the two-body residual interaction and the potential barriers between SD and ND states, will be discussed in Sec. V. For a detailed description of the Monte Carlo simulation and the ingredients of the theoretical model, we refer the reader to Part II [31] .
II. THE EXPERIMENT
The experiments were performed at the Vivitron accelerator in Strasbourg, France, with the Euroball IV array [32, 33] Si, 4n) 196 Pb (at 148 MeV). In both cases, a stack of two self-supporting targets (with a total thickness of ≈1 and 1.2 mg/cm 2 , respectively) were employed. In the Tb case, the full Ge ball was used, while in the Pb experiment the low efficiency Ge detectors were replaced by eight large volume BaF 2 scintillators to measure high energy γ rays. In both cases, the γ multiplicity was measured with an InnerBall of bismuth germanate (BGO) detectors. A total of ≈9 × 10 9 and 2 × 10 8 four-and three-fold events and higher were collected, respectively. The nuclei of interest, 151 Tb and 196 Pb, were populated at the level of ≈70% and ≈20%, respectively, 195 Pb being in the latter case the most intense reaction channel. [1, 39] , with intensities down to less than 10% and 30% of the corresponding SD yrast, which collects ≈2% and ≈1.3% of the population of the nucleus of interest, respectively (see discussion in Sec. IV). In both nuclei, discrete transitions linking the SD yrast band to ND configurations were identified, therefore making it possible to assign the spin and excitation energy of the SD yrast [40, 41] . In the case of 151 Tb, the most recent spin assignment is found to be 2 spin units higher than previously reported in Ref. [1] .
The topic of this paper is the analysis of quasicontinuum one-dimensional (1D) and two-dimensional (2D) γ -coincidence spectra, which provide information on the unresolved excited SD rotational bands [25] . This allows us to study the properties of the γ -decay flow at the onset of the transition between order and chaos in the atomic nucleus [4] . For this purpose, the two data sets have been sorted into a number of γ -γ matrices in coincidence with low-lying ND transitions of the isotope of interest, namely, E γ = 268. 4 Pb. These matrices have been named "Total," at variance with the spectra sorted in coincidence with the cleanest transitions of the SD yrast band of each nucleus (named "SD-gated"). In addition, the so-called rotational planes (ROT-planes) were sorted [42] . These are matrices with the triple coincidence requirement x + y = 2z ± δ/2, where x, y, and z are the energies of the γ rays and δ is the thickness of the plane, which in the present case has been chosen to be ≈20 keV, allowing for some irregularities in the rotational energy sequence. In these spectra, the sensitivity to rotational correlations among discrete bands in the γ cascades is largely enhanced as compared to a background of fragmented/uncorrelated decays, since rotational correlations extending at least over three steps are selected (see Fig. 1 for a schematic illustration of the rotational correlation patterns in both a γ -γ spectrum and a rotational plane, as follows from a regular rotational decay). In all sorted matrices a condition on high-fold events (F 25 for 151 Tb and F 10 for 196 Pb) was imposed, to better focus on high-multiplicity cascades. For each matrix, the major part of the background has been removed by subtracting the ungated spectrum scaled by a factor corresponding to the peak-to-total (P /T ) of the gating transitions (i.e., to the ratio of the peak intensity relative to the total intensity measured in the energy interval of the gate). P /T is of the order of 0.4 (0.2) in 151 Tb ( 196 Pb), in the case of the ND low-lying gating transitions. In the case of the yrast SD-gated spectra, the P /T value was estimated to be less than 0.02. In addition, the COR procedure [43] has been applied, with a reduction factor of ≈0. SD-gated spectra of 151 Tb and 196 Pb (according to the method discussed in Ref. [5] ). The latter treatment enhances the ridge structures and removes the uncorrelated background that may still be present after the previous background subtraction.
In addition to the 2D matrices, 1D spectra, double gated on the cleanest transitions of the SD yrast band of 151 Tb and 196 Pb, have been sorted. The spectra have been subtracted from the background and unfolded using the unfolding procedure provided by the RADWARE package [44] . The E1 component in coincidence with the SD yrast band has also been removed, as previously done in the analysis of the SD nucleus 143 Eu [23] . The remaining spectra should therefore contain pure E2 contributions, except for possible contaminants of M1 nature, not investigated in the present analysis but clearly observed at low transition energies in neighboring nuclei of both mass regions [3, 45, 46] .
The left-hand columns of Figs. 2 and 3 show the experimental γ spectra of 151 Tb and 196 Pb, respectively. In both figures, panels (a), (c), and (e) give examples of cuts perpendicular to the main diagonal of the 2D γ -coincidence spectra, for the wide spin intervals ≈48-56h( 151 Tb) and ≈20-34h( 196 Pb). Panels (a) refer to Total matrices, (c) to the ROT-planes, and (e) to the SD-gated spectra. In all cases, ridge structures are clearly visible, with a spacing between the two most inner ridges equal to 2 E γ = 8h 2 / (2) ≈ 100 and 80 keV in 151 Tb and 196 Pb, respectively, where (2) is the moment of inertia of the SD yrast band in each nucleus. The intensities of the known ND and SD discrete peaks, which were subtracted from , and of the SD-gated spectra [(e),(f)], corresponding in the data to the spin interval 48-56h. The dark areas in panels (a) and (e) correspond to the intensity of known ND and SD discrete peaks subtracted from the spectra by the RADWARE package [44] . Panels (g) and (h) show one-dimensional E2 quasi-continuum spectra gated by the SD yrast; the shaded area in the experimental spectrum corresponds to the region where contaminants from M1's are expected, as observed in neighboring nuclei (see text for details).
the Total and SD-gated matrices by means of the RADWARE package before performing any further analysis of the data, are indicated by dark areas. For the SD states, the only significant contribution comes from the SD yrast. For the ROT-planes spectra, the cuts have been instead obtained by projecting the 2D spectra in between the SD yrast peaks, therefore resulting in event distributions free from strong contaminants from discrete peaks. In this case, the most inner ridge corresponds to the second ridge in the Total and SD-gated matrices, and its spacing is therefore twice as large. The top panel (g) of both figures gives the one-dimensional quasi-continuum spectra double gated by the SD-yrast band of 151 Tb and 196 Pb (with the energy scale on the top axis). In each spectrum, the SD yrast is clearly visible; in the case of 196 Pb, the strong peak at E γ = 1049 keV (marked by a star) is the 2 + → 0 + ground state transition in coincidence with the SD yrast band. The shaded areas at low energies (i.e., below ≈1100 and ≈500 keV in 151 Tb and 196 Pb, respectively) may be attributed to possible M1 contaminants, as observed in neighboring nuclei [3, 45, 46] . The broad bump above ≈1100 and 500 keV in 151 Tb and 196 Pb, respectively, is made mostly of unresolved E2 transitions, which we call the E2 quasi-continuum (E2 QC) hereafter.
The right columns of Figs. 2 and 3 show the corresponding simulated spectra of 151 Tb and 196 Pb, obtained by the Monte Carlo simulation MONTESTELLA (discussed in Sec. IV).
III. ANALYSIS OF QUASI-CONTINUUM SPECTRA
The experimental data have been analyzed in terms of (i) intensities of the five SD components observed in the γ -coincidence data: the SD yrast, the 1st ridge, the 2nd ridge, the SD-gated 1st ridge and the SD-gated E2 quasi-continuum, and (ii) fluctuations of the event distributions of the Total, rotational planes, and SD-gated ridge structures, giving the effective number of discrete excited bands populating the specific ridge structure [5] . In this way, eight experimental observables are obtained, providing strong constraints on the dynamics of the decay flow in the SD well [25] .
A. Intensity analysis
First, the intensity pattern of the SD yrast band has been evaluated starting from the Total matrices gated on the ND low spin transitions which select the nucleus of interest (see previous discussion). This ensures a proper estimate of the population pattern, limiting the bias due to direct gating on the SD yrast transitions. The SD yrast bands of 151 Tb and 196 Pb are found to collect ≈2% and ≈1.3% of the population of the corresponding reaction channel. Their intensities, normalized to 100% in the low spin part of the plateau region (i.e., I 50h in 151 Tb and I 20h in 196 Pb), are shown as a function of spin in panels (a) and (b) of Fig. 4 . For 151 Tb, we adopted the recent spin assignment given in Ref. [40] , which is 2h higher than that previously used in Ref. [25] ; for 196 Pb, we followed Ref. [41] .
The intensities of the various quasi-continuum components (extracted from the data of Figs. 2 and 3), evaluated relative to the SD yrast, are shown by symbols in Fig. 4 . In all cases, the intensities are given as a function of spin, following the spin assignment of the SD yrast, as also discussed in connection In both 151 Tb and 196 Pb nuclei, the total intensities of the 1st and 2nd ridge [Figs. 4(a) and 4(b)] are found to be up to three times larger than the population of the SD yrast at the plateau: this indicates the existence of several discrete unresolved SD bands that do not feed the SD yrast band, but decay into the low deformation minimum, as previously observed in the SD nucleus 143 Eu [2] . The results of the more selective analysis of 1D and 2D spectra in direct coincidence with the SD yrast [Figs. 4(c) and 4(d)] indicate that the intensity of the 1st ridge in coincidence with the SD yrast represents only a fraction of the yrast intensity, corresponding at most to 40% and 80% of the SD yrast intensity at spin I ≈ 55h in 151 Tb and ≈25h in 196 Pb. This means that for both nuclei, the SD yrast receives an important contribution from fragmented/damped bands at higher excitation energies, where rotational damping is expected to play a key role [4] Fig. 6 , the intensity of the SD-gated ridges accounts for almost the entire E2 strength only for spins lower than 60h in 151 Tb and 30h in 196 Pb, corresponding roughly to the end of the plateau regions of the SD yrast. At higher spins, the ridge intensity drops to less than half of the E2 QC, indicating that most of the feeding of the yrast comes from damped bands.
The present results differ from the peculiar case of 194 Hg, where exceptionally narrow (≈10 keV) ridges have been observed in coincidence with the SD yrast, exhausting nearly all E2 decay strength and collecting the population of an extremely large number of discrete bands ( 100). This has been interpreted as an example of an ergodic nuclear system [24] . In the present work, the ridge structures in 151 Tb are found to be much wider, being of the order of 20 keV in the Total matrix and 16 keV in the SD-gated one, similar to the values previously reported in the analysis of both ND and SD nuclei [2, 4] . In the case of 196 Pb, as shown in Fig. 7 , rather wide structures are again observed in the Total matrix, while sharper ridges are seen in the SD-gated spectra, with FWHM ≈13 keV. This is quite close to the case of 194 Hg, although the analysis of the fluctuations gives a much smaller number of bands, as discussed in the following section. It is worth noting that the present analysis has been performed on spectra with rather low energy resolution (4 keV/channel), therefore narrower structures (as might be in the case of 196 Pb) might be difficult to be precisely measured.
B. Fluctuation analysis
Quantitative information on the average properties of the γ -decay flow can be obtained from the analysis of the fluctuations in the number of counts measured in the γ -coincidence matrices [4, 5] . The fluctuation analysis method (FAM) allows one to estimate the number of decay paths available to the rotating nucleus in the γ decay which samples regions in excitation energy and spin associated with different level densities. A path i ≡ (i 1 , i 2 ) is defined as a given pair of coincident E2 transitions (E γ 1 , E γ 2 ), corresponding to a point in the γ -γ plane. In particular, a path can belong to a discrete rotational band, populating the ridge structures, or it can be formed by a pair of damped transitions and lie in the E γ 1 = E γ 2 valley region. By estimating the number of paths in these two different regions of the spectrum, one can learn about the properties of the rotational structures underlying the γ -decay flow, such as the density of states, the onset of damping, the fragmentation of the B(E2) strength and, in the case of SD nuclei, the probability to decay toward ND states. The number N (2) path of paths is defined as the weighted average 1/( i W 2 i ), where W i is the probability to follow path i. As a consequence, N (2) path is strongly affected by the relative population probability, and therefore it strictly corresponds to the real number of paths only when all paths are equally probable, namely, when
path .
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The number of effective paths can be obtained from the experimental spectra using the simple expression
where N eve is the number of events, while µ 1 and µ 2 are the first and second moments of the distribution of counts evaluated by the code STATFIT [5] over a sector 2) being the average distance between consecutive rotational transitions), in a selected area of the γ -γ spectrum. The superscript (2) indicates that the extraction of the number of paths is based on first and second moments, while the P (2) factor corrects for the finite resolution of the detector system.
The analysis has been carried out for the region of the 1st and 2nd ridges in the Total and ROT-plane spectra (giving information about discrete rotational bands two steps and three steps long, cf. Fig. 1 ) and for the 1st ridge of the SD-gated spectrum. Known discrete lines, shown by dark areas in Figs. 2 and 3 , have been previously subtracted, since they would otherwise dominate the spectrum fluctuations. Figure 8 shows by symbols the results obtained for 151 Tb and 196 Pb, and by dotted lines the corresponding average values. In both, nuclei up to 30 SD discrete bands are found to populate the total ridges [(a) and (b)], with a gradual decrease at low spins. This is attributed to the decay toward ND states, as previously observed in the analysis of the SD nucleus 143 Eu [2] . In addition, the analysis of the 2nd ridge [(c) and (d)] shows that roughly half of these bands extend at least over three consecutive transitions. Only a fraction of the total number of discrete excited SD bands is found to feed into the SD yrast, as follows from the study of the SD-gated ridges [(e) and (f)], in agreement with the previous analysis of the intensities of 
IV. INTERPRETATION OF THE DATA
The experimental results, both concerning the intensities and effective number of paths, have been interpreted using a new version of the MONTESTELLA Monte Carlo simulation of the γ -decay flow of 151 Tb and 196 Pb, which will be discussed in detail in the Part II [31] . The code treats the γ decay within two potentials (i.e., the ND and SD wells), based on the competition between E2 collective and E1 statistical transitions in both minima [47] and on a tunneling probability across the barrier separating the normal and superdeformed configurations [20] , calculated according to the equations of Ref. [48] . The MONTESTELLA code has the unique feature of being based, in the SD well, on energy levels, E2 transition probabilities, and potential barriers microscopically calculated by the cranked shell model of Refs. [11, 26] . Compared to other Monte Carlo simulations [2, 3] , this code requires a significantly reduced number of parameters. In addition, it allows one to perform a meaningful fluctuation analysis of the simulated cascades and a selective study of decay paths feeding specific rotational bands, such as the SD yrast.
Using the Monte Carlo simulation one obtains predictions for all the experimental quantities shown in Figs. 4 and 8, i. e., the intensities and fluctuations of the various SD components including, for the first time, the intensity and number of discrete bands in coincidence with the SD yrast. The latter quantities, in particular, can be predicted only via a simulation of the decay flow.
The Monte Carlo simulation is started from an entry distribution in spin and excitation energy which has to be carefully evaluated case by case. Such a distribution could not be measured in the Euroball experiments analyzed here, since the BGO inner ball was not properly calibrated in multiplicity and sum energy. Therefore we have calculated the entry distribution of 151 Tb and 196 Pb in two steps, as discussed in detail in the Part II [31] : (i) the fusion cross sections of the compound nuclei (CN) 157 Tb and 200 Pb have been determined, according to the heavy ion reaction model of Ref. [49] ; (ii) the final residue distribution has been obtained, as a function of spin I and excitation energy U , by simulating the light particle evaporation by the Monte Carlo version of the code CASCADE [50] . The resulting entry distributions of 151 Tb and 196 Pb, corrected for the experimental multiplicity requirement, correspond to Gaussian-shaped distributions with a maximum at I ≈ 60 and 42h and U = 8.3 and 7.7 MeV, and the full width at half maximum (FWHM) in U equal to 4.3 and 4.7 MeV, respectively.
For both 151 Tb and 196 Pb, the results of the simulations (based on about 10 6 cascades) reproduce rather well the line shape of the γ spectrum, both concerning the ridges and the total E2 quasi-continuum in coincidence with the SD yrast, as shown in the right columns of Figs. 2 and 3 . In addition, the superdeformed yrast pattern and the total population of the discrete excited bands forming the 1st and 2nd ridge [ Fig. 4 , for the intensities of the SD yrast, the 1st and 2nd ridge, the SD-gated 1st ridges, and the SD-gated E2 QC. In (g) and (h), the full symbols refer to data partially contaminated by M1's. Predictions from simulations of the γ decay assuming a standard (enhanced) E1 strength (cf. Fig. 10 ) are shown by dashed (solid) lines (adapted from Ref. [25] ).
the tunneling probability has to be adjusted by multiplying the collective mass M of the system by the factor C m = 0.7 and 2.5 in 151 Tb and 196 Pb, respectively, in order to reproduce the decay-out spin of the SD bands. In addition, a hindrance factor h E1 ≈ 0.08 and 0.036 is used for the E1 decay probability in the SD well, in order to keep the population of the SD yrast at the level of ≈2% and 1.3% in 151 Tb and 196 Pb, as measured experimentally. Such hindrance values are of the same order of magnitude as the ones typically used in the ND well (≈0.02) [13] , although somewhat larger, as discussed in connection with Eq. (2) of Ref. [31] .
The general good agreement between data and simulation gives us confidence in the validity of the entry distribution. In addition, it also supports the general prescription used to describe the dynamics of the γ -decay flow, including the tunneling through the potential barrier, as described in Ref. [48] . On the other hand, the Monte Carlo simulation largely underestimates the intensity of the 1st ridge and E2 QC in coincidence with the SD yrast [dashed lines in Figs. 9(e)-9(h)]. These observables, although referring to the warm rotation in the transition region between order and chaos, are in fact very sensitive to the delicate balance between E2 and E1 transitions at low excitation energy, where specific nuclear structure effects are still very important. This large discrepancy seems to point to some peculiarity of the decay probabilities, not included in our model. It is well known that in both A = 150 and A = 190 mass regions, octupole vibrations play a role in the low-lying excited states of SD nuclei. In fact, as reported in the case of 152 Dy [51] , 196 Pb [52] , and 190 Hg [53] , strongly enhanced E1 transitions are experimentally observed, linking the excited SD bands to yrast. In all cases, the B(E1) values are of the order of 10 −4 W.u., namely, 1 to 2 orders of magnitude larger than expected from the tail of the GDR, in agreement with various theoretical models [54] [55] [56] . We have therefore performed simulation calculations for 151 Tb ( 196 Pb) adding a new Lorentzian component f oct to the E1 strength, with a peak energy E oct = 1.5(1.0) MeV and a FWHM oct = 1.0 (0.5) MeV, as shown by solid lines in Figs. 10(a) and 10(b) . The intensity of such a component has been adjusted so that the total E1 strength f E1 = f oct + f GDR is enhanced by about one order of magnitude around 1-2 MeV, consistent with the experimental evidence. This is obtained by scaling the standard Lorentzian curve f oct , normalized in the same way as f GDR , by the additional factor h oct ≈ 0.01. for the E1 decay in the SD well are now more similar to the value 0.02 used for the ND case [13] , being h E1 = 0.033 and 0.01, respectively. This leads to an effective enhancement of the total E1 decay probability T E1 , summed over the three I = 0, ±1 components, of a factor ≈5 for the discrete levels below U ≈ 3 MeV, as shown in Figs. 10(c) and 10(d) . The new simulated spectra are in much better agreement with the data for all quantities, including also the intensities of the ridge and E2 QC in coincidence with the SD yrast, as shown by solid lines in Fig. 9 (see also discussion in Sec. III of Part II [31] ).
One may speculate that some enhancement effect has to be expected for transitions feeding out of the SD bands, in order to become competitive with the extremely large collectivity of the in-band transitions, which tend to keep the flow going along the rotational bands. In the present work, we attribute such an enhancement to E1 transitions only, since our Monte Carlo is based on the competition between pure E1 and E2, and also because of the experimental evidence for octupole vibrations in both mass regions. However, on the basis of the present analysis, one cannot rule out the possibility that other kind of enhanced transitions may be involved, such as, M1's. Table I summarizes the parameters for the SD well entering the Monte Carlo code which are found to reproduce at best the γ decay of the SD nuclei 151 Tb and 196 Pb, respectively. The use of microscopic levels and decay probabilities allows a detailed study of the population of the SD discrete excited bands, whose intensities can be compared with the experimental values. As discussed in detail in Ref. [31] (see Figs. 6 and 7) , most of the microscopically calculated bands show intensity patterns similar to the SD yrast, characterized by a rather flat plateau followed by a sharp decrease, at low spin. This is due to the decay-out into the low deformation minimum. Figure 11 shows a comparison between the experimental intensities of the known discrete SD bands (histograms) and the intensities (at the plateau) of the microscopically 2) 151 Tb the intensity of the excited bands (in particular of the first) is too strong compared to the data. It is worth noticing that such a comparison is qualitative, since no direct correspondence can be established between experimental and simulated bands because of the lack of spin and excitation energy assignment for the excited bands experimentally observed.
The present Monte Carlo simulation can also be used to evaluate the effective number of paths N path , which can be compared with the experimental values reported in Fig. 8 . This is possible because the simulation is based on discrete levels, so the fluctuations in the number of events acquire a statistical significance. In fact, as discussed in Sec. III B, the number of paths is defined through the relative population W i of each path, being N path = 1/ W 2 i , therefore such quantity can be evaluated from the calculated intensities of the discrete excited bands, provided that the most intense transitions are excluded as is also done in the data. Equivalently, N path can be extracted from the simulated γ -coincidence spectra (shown in Figs. 2 and 3 in the case of the Total 1st ridge, 2nd ridge, and 1st ridge in coincidence with the SD band. This quantity represents a crucial test for various aspects of our model. In fact, N path gives the number of discrete bands that are populated sufficiently strongly, and it is determined by the level density, by the onset of damping (see also the discussion in Sec. IV of Ref. [31] ) and by the population mechanism. The latter favors low-lying bands around 1-1.5 MeV, not only because they tunnel less easily through the potential barrier but also because they receive stronger E1 feeding. The Monte Carlo calculations provide very good agreement with the data for all three observables over a rather wide range of spin. We also note that the number of paths given by the simulation is much lower than the number N band of discrete bands [defined by the condition n b < 2, see Eq. (6) of Ref. [31] ] obtained from the cranked shell model ignoring the flow (thin solid lines in Fig. 12 ; see also Fig. 22 of Ref. [31] ). Taking into account the depopulation of the bands due to the tunneling (as estimated in Ref. [26] ) decreases N band at low spins, where the decay-out occurs, but still largely overestimates the data, as shown by dashed lines. This is different from the case of ND nuclei, where discrete bands are found to be more equally populated and N path is closer to N band [13] . For the SD nuclei here discussed, the experimental values can be reproduced only by taking into account the population of the excited bands, which can be obtained on the basis of the Monte Carlo simulation. Figure 13 illustrates the origin of such strong reduction in the measured effective number of paths, as compared to the real number N band . Figures 13(a) and 13(b) show the relative population W i of all discrete excited bands of the four (π, α) configurations (defined by the condition n b < 2) at spin I = 40, 50, and 60h in 151 Tb and at I = 20, 30, and 40h in 196 Pb. As one can see, the population varies over more than three orders of magnitude, i progressively given by the discrete excited bands, until the full value 1/N path is reached (solid lines). Panels (e) and (f) show the corresponding average internal energy U SD of the decay flow in the SD well as a function of spin, for simulations of the γ decay started from the differential cross sections given in the same panels by shaded areas (see text for details).
being very intense for the lowest lying bands, due to the rapid focusing of the γ -decay flow into the low excitation energy region above the SD yrast. This is illustrated in the top panels of Fig. 13 , where the average internal energy U SD for the γ cascades in the SD well is shown for simulation calculations of 151 Tb and 196 Pb, starting from the corresponding differential cross sections also shown in Figs. 13(e) and 13(f). As a consequence, the corresponding number of paths is determined by the coldest bands with intensities W i > 0.01, as shown in Figs. 13(c) and 13(d) , which account for more than 90% of W 2 i = 1/N path (solid lines), while the numerous weak bands at higher excitation energies give almost no contribution to the final effective number of paths.
V. PROBES OF TWO-BODY RESIDUAL INTERACTION AND TUNNELING PROCESS
The experimental observables discussed in this work represent a specific test for the physical processes which govern 064306-9 the rotational motion of strongly deformed nuclei at finite temperature. In fact, the simulated intensities and fluctuations can be used to probe two key ingredients: (i) the strength of the two-body residual interaction which strongly affects the description of nuclear structure at finite temperature [4, 13] , and (ii) the tunneling probability between the SD and ND well, which strongly depends on the microscopically calculated barriers and collective mass of the system, i.e., on the action S inserted into our simulation code (as discussed in detail in Sec. II of Part II [31] ).
A. Sensitivity to the strength of the two-body residual interaction
As discussed in several works on both normal and superdeformed nuclei [8, 9, 57] , a key ingredient in the description of warm rotating nuclei is the two-body residual interaction. This interaction mixes the mean-field configurations, giving rise to a fragmentation of the E2 strength with increasing excitation energy (i.e., to the damping of rotational motion), and to a transition into a chaotic regime (see also Sec. IV of Part II [31] ). The type and strength of the two-body force have been shown to be crucial for the manifestation of both mixing and damping phenomena: the surface and volume delta interactions produce reasonable overall features of the onset of rotational damping and of the chaotic regime, at variance from other types of interactions (such as the pairing plus quadrupole) [8, 57] .
In the case of ND nuclei of the rare earth region, it was found [42] that the experimental determination of the number of discrete bands as a function of the length of the rotational cascades, as follows from the analysis of the 1st, 2nd, and higher order ridge structures from γ -coincidence matrices, is very sensitive to the strength of the two-body force. To perform a similar kind of analysis on the superdeformed nuclei 151 Tb and 196 Pb, we produced two new sets of band mixing calculations, multiplying the interaction strength v T (see Sec. IV of Ref. [31] ) by a factor 1.5 or 0.5. The new sets of energy levels and E2 transition probabilities have been used as input for new Monte Carlo simulations of the γ cascades, leaving all other quantities (see Table I ) practically unchanged. Only a slight adjustment of the hindrance factor h SD E1 has been introduced to keep the same intensity for the SD yrast band. Figures 14 and 15 show the number N band of calculated discrete SD bands [defined by the condition n b < 2, see. Eq. (6) of Ref. [31] ] together with the number of paths N path populating the 1st and 2nd ridge structures, as obtained from the 151 Tb and 196 Pb simulations in comparison with the data. While N band is very sensitive to the strength of the interaction, being roughly inversely proportional to it (as shown by thin lines), N path is much more constant (thick solid lines).
As previously discussed in connection with Figs. 12 and 13, the effective number of paths is largely reduced compared to the number of discrete bands, as a consequence of the large differences in the population probabilities W i produced by the γ -decay flow which rapidly converges toward low excitation energies above yrast [47] . Only at the highest spin values, namely, above 50h in 151 Tb and 30h in 196 Pb, N path shows some dependence on the strength of the two-body force, as clearly shown in Fig. 16 . While for 196 Pb the present data are outside the range of sensitivity, for 151 Tb the more selective analysis of the 2nd ridge [shown in Fig. 16(c) ] seems to exclude weaker values of the interaction strength. Note that for ND nuclei, the sensitivity to the interaction strength was only investigated at relatively high spins [42] .
B. Sensitivity to the tunneling process
In the present model, the tunneling probability between the SD and ND well is calculated semiclassically and depends on the action S, namely, on the action integral along the tunneling path between the SD and ND wells [see Eqs. (4) and (5) in Ref. [31] ]. In particular, S is determined by the height and shape of the potential barrier and by the collective mass M, which is strongly driven by pairing. γ spectroscopy in the quasi-continuum may therefore provide a unique tool for investigating in detail the potential barriers as a function of spin and excitation energy.
The influence of the collective mass associated with the tunneling between the SD and ND wells was investigated in Ref. [26] , multiplying the mass M by a factor C m (see also Ref. [31] ). In particular, values of C m > 1 (<1) will retard (accelerate) the decay-out process, therefore allowing one to fit the spin value at which the decay-out occurs. In the simulation, C m can be adjusted by fitting the decay-out spin of the yrast SD band, and keeping the same value for all excited SD bands. of C m (≈2.5) are in fact needed to bring the decay-out spin of the SD yrast as low as ≈10h in 196 Pb, while an adjustment of the order of 30% is sufficient to reproduce well the 151 Tb case (see Fig. 10 of Ref. [31] ). Such values are not specific for these nuclei, but represent instead general features for SD nuclei of A = 150 and A = 190 mass regions, as follows from the systematic calculations of the intensity of the SD yrast reported in Refs. [26, 58] .
For 196 Pb, the sensitivity to the C m value has also been tested for the excited SD bands by looking at the intensity and number of paths populating the 1st ridge. As shown in Fig. 17(b) , the intensity of the ridge structure is well reproduced by the Monte Carlo calculations using the same C m = 2.5 value found for the SD yrast [ Fig. 17(a) gives, for the same mass parameters, the number of bands as obtained by the CSM of Ref. [11] (thin solid line), taking also into account the probability to decay-out into the ND well. Symbols refer to the corresponding experimental data (see text for details).
supporting a similar decay-out mechanism for the yrast and the excited bands. The sensitivity to C m can be further tested by evaluating the number of excited bands: as shown in the top panel of Fig. 17 (and also discussed in Ref. [26] in connection with the calculation for 192 Hg) the number N band of excited bands is strongly affected by the probability to decay-out into the ND well, which is regulated by C m . Even taking into account the strong bias given by the γ -decay flow, which favors the population of the lowest excited bands, the effective number of excited bands (N path ) is sensitive to C m [ Fig. 17(c)] , showing that values of C m smaller than 2 lead to unacceptably small intensities and number of paths. This provides, for the first time, a way to test the basic elements of the tunneling process as a function of excitation energy.
Since the decay flow spans the whole range of spin and excitation energies between the yrast line and the entry distribution, the simulations should be sensitive also to the energy and spin dependence of the action S. We note that there [31] ). This is a rather general feature of the mass A ≈ 190 [26] , which reflects the spin dependence of the height of the barrier separating the SD and ND minima. The height decreases at higher spins in the A ≈ 190 nuclei, while it keeps increasing in most of the cases in the A ≈ 150 nuclei.
To probe the spin dependence of the actions, we have tried an extreme case, performing Monte Carlo simulations for 196 Pb using the actions microscopically calculated for 151 Tb, leaving all the other parameters in the simulations unchanged. Doing so, we mainly test the potentials below spin 40h, where the two sets of calculations are very different. We do not expect to be particularly sensitive at differences at the highest spins, because of the rather low spin entry distribution of 196 Pb. The results are shown in Fig. 18 for the SD yrast and the 1st and 2nd ridges, in comparison with standard calculations for 196 Pb (thick solid lines). As one can see, the intensities of the yrast and of the 1st and 2nd ridges are strongly distorted, both in their absolute values and in their spin dependences. In particular, the intensities of the ridges tend to become (Table I) ; thin, dashed, and dot-dashed lines give the results obtained using the action S calculated for 151 Tb and a collective mass parameter equal to C m = 2.5, 5, and 10, respectively (see text for details).
larger around spin 30, and then decrease much faster, in strong disagreement with the data. Changing the absolute value of the 151 Tb actions by modifying C m does not change the main trends, which are therefore due to the dependence of S on energy and spin. This is in keeping with the fact that the actions calculated for 151 Tb have a much more marked spin dependence than those for 196 Pb, being larger at high spin and smaller at low spin (cf. Figs. 3 and 4 of Ref. [31] ). While these tests are admittedly very schematic, they clearly indicate that the study of the excited SD bands give important information on the microscopically calculated potential energy barriers. More generally, γ spectroscopy in the quasi-continuum may offer a unique opportunity to test the basic elements of the many-body microscopic theory for tunneling processes over the entire range of angular momenta and excitation energy.
VI. CONCLUSIONS
We have presented a detailed study of the γ decay of the SD nuclei 151 Tb and 196 Pb, based on an ensemble of experimental observables (intensities and fluctuations of different structures present in γ -coincident spectra) which provide strong constraints on the dynamics of the γ -decay flow in the SD well. The experimental data have been compared with simulations based on the interacting cranked shell model. In this way, the simulated γ flow populates discrete quantum levels in the SD well, which is essential to comparing fluctuations in simulated and experimental spectra. Also the probability for tunneling between SD and ND wells were calculated microscopically.
The overall agreement between theory and experiment is satisfactory, requiring the adjustment of only a small number of parameters: they are essentially the collective mass parameter for tunneling (especially for 196 Pb), which regulates the spin at which the decay-out occurs, and the E1 strength, which is mostly affecting the population of the cold rotational bands. In particular, we have found that to reproduce the SD yrast intensities we have to suppress the E1 probability obtained with the standard expression for statistical decay. However, we have also found that to reproduce the intensity of the E2 strength gated on the SD yrast, the shape of the E1 strength has to be changed compared to the standard Lorentzian parametrization of the tail of GDR, introducing a new component in the 1-2 MeV range. The resulting strength in this energy region is in agreement with the observation of enhanced E1 discrete transitions close to the yrast line in various SD nuclei of mass A = 150 and 190, caused by the coupling with octupole vibrations.
Another interesting result is that the number of discrete bands effectively populated, which is successfully reproduced by the simulation, is much smaller than calculated by the interacting cranked shell model. This is due to the combined effect of the tunneling through the potential barrier which separates the SD and ND well and of the strong dependence on the γ -decay flow, which favors the population of the coldest bands around 1-2 MeV above yrast. Moreover, for the first time, the experimental data are used to test the sensitivity to the basic ingredients of the physical process, such as the strength of the two-body force and the size of the potential barriers. This is done over the entire range of available spins and excitation energies.
We can then conclude that the study of the warm rotation in the transition region between order and chaos is a very rich playground of interesting physical effects: some are strictly connected to the increasing excitation energy and level density, while others are remnants of processes occurring at low excitations.
